Abstract. Determining the velocity field VðxÞ by accurate numerical solutions of flow through heterogeneous formations of three-dimensional random structures requires a fine-scale discretization by a dense grid. With l m the maximal cell size needed to ensure an accurate solution and I Y the logconductivity integral scale, l m ∕ I Y ¼ 1∕ 5 is commonly adopted for logconductivity variance σ 2 Y ≤ 1. To ease the numerical burden, the actual employed l∕ I Y values are usually larger, requiring upscaling of the parameters K G (conductivity geometric mean), I Y and σ 2 Y (logconductivity variance), which characterize the isotropic medium. With the upscaled velocity fieldṼðxÞ defined as the space average of VðxÞ over blocks of size L, the underlying upscaledỸ ðxÞ is generally smoother ðσ 2Ỹ < σ 2 Y Þ and of larger correlation scale ðIỸ > I Y Þ than the fine-scale one. These properties allow for an accurate numerical solution ofṼðxÞ with the coarse discretization. The aim of the present study is to determine the dependence of the upscaled parametersK G , IỸ , σ 2Ỹ upon K G , I Y , σ 2 Y , and L∕ I Y for highly heterogeneous formations (the problem was solved in the past at first-order in σ 2 Y < 1). This is achieved in an approximate manner with the aid of the multi-indicator model we developed in the past, and results are checked using accurate numerical simulations of three-dimensional flow. The solution may serve to determine an upscaling block size L∕ I Y and ensuing structural parameters for particular l∕ I Y values selected by numerical analysts.
1. Introduction and background. Modeling of flow and transport in porous formations requires solving the pertinent partial differential equations under appropriate initial and boundary conditions. Natural formations generally display spatial variation of the hydraulic conductivity K , which is usually modeled as a random space function, to account for its seemingly erratic variation on the one hand and uncertainty due to scarcity of data on the other. As a rule, solutions of the equations of flow for such media are obtained numerically. With Y ¼ ln K assumed to be a stationary random function, the degree of heterogeneity is quantified by the variance σ 2 Y while the representative length scale is I Y , the linear integral scale in a space direction. In view of applications to solute transport, we are concerned with the modeling of processes in three-dimensional (3D) formations.
Accurate numerical solutions for the velocity field VðxÞ, the variable of interest for many applications, require a discretization of the space domain by a dense grid. The latter is necessary in order to adequately capture the spatial variability of K, which can be very large for highly heterogeneous formations. Such numerical solutions based on a dense gridding of the flow domain are coined here and elsewhere as fine-scale. In mathematical terms the accuracy of the fine-scale solution can be assessed with the aid of norms of the difference between the exact and the numerical solutions. In absence of element and the head difference at the grid nodes. The problem is that the actual conditions at the boundary with surrounding blocks are unknown. A few approximations have been adopted to overcome this difficulty. For example, Chen and Durlofsky (2006) proposed recently to apply the procedure in an iterative manner, by solving for couples of adjacent numerical element at fine-scale, while the surroundings ones are upscaled. In any case, local upscaling is computationally demanding and in the hydrological context its implementation has been often limited to 2D flows. In the global approach the finescale problem is solved under conditions of uniform mean flow of velocity U for the entire domain. Upscaled properties based on the uniform mean flow results are used for finite formations under complex boundary conditions by assuming that the mean velocity is slowly varying (at the L scale) in space. This approach is commonly applied in the theory of heterogeneous media (e.g., Milton (2002) ), being underlain by the requirement of separation of scales. Thus, with a length scale I UN ¼ ½j∇U j∕ U −1 characterizing the mean flow nonuniformity, the basic assumption is that I Y , L ≪ I UN . It means that the length scale of mean flow nonuniformity is much larger than the scale of K variability, such that flow can be assumed as locally uniform in the mean. In the case of aquifers under conditions of regional scale natural gradient flow, I UN may be of order 10 2 − 10 3 meters, whereas the 3D correlation scales I Y are generally much smaller, and the approximation is very robust. The important case of well flow, for which a local upscaled conductivity does not exist, requires a separate treatment (e.g., Durlofsky, Miliken, and Bernath (2000) ), and is not considered here.
However, even for mean uniform flow, the fine-scale solution is still difficult to achieve, and it was obtained for given Y either numerically or analytically by a first-order approximation assuming weak heterogeneity, σ 2 Y < 1, and an unbounded domain (e.g., Rubin and Gomez-Hernandez (1990) and Indelman and Dagan (1993) ). The upscaled conductivity was estimated by averaging the head gradient and the specific discharge (or the associated dissipation function) over blocks.
The present work follows the global approach, but for flow in formations of 3D highly heterogeneous structure. This is achieved by solving the fine-scale and upscaled flow with the aid of an approximate model which we developed recently ; ; Jankovic, Fiori, and Dagan (2003a) ; Jankovic, Fiori, and Dagan (2003b) ; Fiori, Jankovic, and Dagan (2005); ). We seek a simplified solution for the upscaling problem when information regarding the logconductivity field Y is scarce; e.g., the available information is limited to the univariate PDF f ðY Þ or its two statistical moment and the spatial correlation structure. Thus, the approach sought here can be seen as a preliminary approach to the flow upscaling problem, when limited information is available. Flow is solved for a medium made up from blocks or inclusions of different and random hydraulic conductivity. For mathematical convenience, similar to other numerical algorithms, we model inclusions by geometrical elements of independent conductivities and uniform size, which we coined as multi-indicator. The multi-indicator model is different from the common multi-Gaussian one, but is able to reproduce any formation of given univariate logconductivity PDF f ðY Þ, which is selected here as normal and characterized by K G and σ 2 Y , and of given integral scale I Y (which is the only length scale for statistical stationarity and isotropy considered here). The great advantage of this model is that it enables highly accurate numerical simulations for values of σ 2 Y as large as 8. Furthermore, we have derived simple and accurate semianalytical solutions for the flow field, which will be employed in the present study. The structure of the current paper is as follows: (i) we recapitulate first briefly the derivation of the fine-scale solution of the velocity field VðxÞ, depending on the structural parameters K G , σ 2 Y , and I Y ; (ii) we discuss the statistical properties of the average of the fine-scale velocity over blocks of size L; (iii) we define the upscaled medium and its relation to the fine-scale one; and (iv) we illustrate application to numerical modeling.
2. Recapitulation of the fine-scale solution. We model heterogeneity of the porous medium by assuming that the hydraulic conductivity K ðxÞ is a space random function. In particular, the logconductivity Y ðxÞ ¼ ln K ðxÞ is random and characterized statistically by the univariate PDF f ðY Þ selected here as normal, with mean hY i ¼ ln K G (the geometric mean) and variance σ 2 Y . The two-point covariance
, is assumed to be isotropic and of finite linear I Y ¼ ∫ ∞ 0 ρ Y ðr x ; 0; 0Þdr integral scale. Flow is uniform in the mean (e.g., ensemble or spatial averages over larger volumes), of mean velocity U ðU ; 0; 0Þ, and the flow domain W is of dimensions much larger than I Y (see ).
The medium is modeled as an ensemble of cubical blocks of independent conductivities (Figure 1 ) of size 2I Y , which is replaced for computational convenience by a dense ensemble of spherical inclusions of uniform radii R, submerged in a matrix of conductivity K ef , the effective conductivity of the medium. With n the volume density (which is hereafter taken as unit), we have shown (see Jankovic, Fiori, and Dagan (2009) ) that results obtained for spherical inclusions can be projected onto cubical ones, provided the matrix has K ¼ K ef . The logconductivity auto-correlation is given by (see )
We remind that the shape of ρ Y , which does not depend on n, has a limited impact on the leading statistical moments of velocity, for a given integral scale I Y ¼ 3R∕ 4 (see, e.g., Indelman and Dagan (1993a) for the upscaling problem, or Dagan (1989) or Rubin (2002) for more general assessments).
A simple semianalytical flow solution was obtained using the self-consistent approximation by solving for each inclusion separately in an unbounded matrix of conductivity K ef and summing the effects of inclusions of different Y and location. The approach assumes that the system of inclusions is sparse, such that the solution can be obtained as a simple superposition of flow disturbancy caused by each inclusion, considered as isolated. Then, dense systems are modeled by assuming that the effect of neighbor inclusion is mimicked by an effective background conductivity. The derived analytical solution constitutes a tremendous simplification of the general one, which can be derived only numerically for large σ 2 Y and dense settings. The effective conductivity is given by the well known self-consistent solution (Dagan (1981) , Jankovic, Fiori, and Dagan (2003a) , Fiori, Jankovic, and Dagan (2005) 
where K G ¼ expðhY iÞ is the geometric mean. The expressions of the velocity variances u ij (i; j ¼ 1; 2; 3) were given in . For simplicity we denote by C u ðrÞ ¼ hu x ðxÞu x ðx þ rÞi ¼ σ 2 u ρ u ðrÞ the two-point covariance of the longitudinal velocity component and, similarly, by C v ðrÞ the one pertinent to the transverse components u y or u z . The simple calculation of σ 2 u and σ 2 v was carried out by 
These were found again to be in good agreement with numerical solutions (e.g., see Jankovic, Fiori, and Dagan (2003b) , Fig. 5 ). The computation of the velocity autocorrelations is facilitated by the observation that ρ u , ρ v are independent of κ, and hence σ 2 Y (see ). Hence they can be conveniently computed by using the first-order approximation in σ This completes the summary of the fine-scale solution, to be used in the present study for flow upscaling.
3. Flow upscaling.
3.1. General. Let ωðxÞ be a volume element centered at x. The space averaged velocityV over ω is given bȳ
where ΩðxÞ is an indicator function defined by Ω ¼ 1 for x ∈ ωð0Þ and Ω ¼ 0 otherwise. We consider here two types of averaging volume ω: a cube of side L such that ω c ¼ L 3 and a sphere of diameter D and same volume
Upscaling on cubical elements is in the spirit of common numerical methods. However, as shown in Appendix 2, the computations for spheres are much simpler and shall be preferred since the difference between the results is small.
With V stationary, the mean ofVðxÞ and the covariance of, say, its longitudinal component Cū, are given in a general manner (see Dagan (1989) , sect. 1.9) by the Cauchy algorithm
where the overlap functions are given by
for the cube and sphere, respectively, with D ¼ ð6∕ πÞ 1∕ 3 L. After these preparatory steps, the basic requirement of upscaling over elements ω is VðxÞ ¼VðxÞ, which satisfies the necessary condition of conservation of fluid mass in the upscaled medium, since ∇:VðxÞ ¼ ∇:VðxÞ ¼ 0. Furthermore, in view of application to transport, it ensures that the centroids of upscaled parcels of fluid of size L move with the space averaged velocity of the fine-scale solution over same parcels. The general goal is to determine an upscaled logconductivity fieldỸ ðxÞ such as to obey this requirement; i.e., the solution of the flow problem in the upscaled domain with the same boundary conditions as the ones applying to the fine-scale medium shall renderṼðxÞ. Since both VðxÞ andVðxÞ are random fields, the basic aforementioned requirement can be satisfied only in a statistical sense, i.e., by the equality between the various statistical moments of the two fields. Whether it is possible to determineK ðxÞ such as to ensure such an equality is an open question. In line with previous works we shall limit its approximate fulfillment, up to the second statistical moments; i.e., hṼðxÞi ¼ hVðxÞi ¼ U;ũ ij ðrÞ ¼ū ij ðrÞ ð10Þ for mean uniform flow and stationary random velocity field.
The selection of the upscaling rule (i.e., preserve the first two statistical moments) and its further limitation to the first two moments implies that upscaling is problem oriented and of an approximate nature. Other types of applications as well as use of models that are characterized by a larger number of parameters may lead to different upscaling procedures, though the requirements stipulated here are necessary in any case.
3.2. Implementation with the aid of the multi-indicator model. As indicated in the introduction, we use the inclusions model of the structure for the fine-scale velocity field. It is reminded that the model is general enough to accommodate any given logconductivity PDF f ðY Þ and integral scale I Y , and has led to a relatively simple solution for the velocity field. We shall apply it to Y normal in the following and inclusions of uniform radii R, though the procedure described here is more general. Thus, in this simple representation, the fine-scale structure is completely determined by the three parameters K G , σ 2 Y , and I Y ¼ ð3∕ 4ÞR, while the velocity field is scaled by U and the head gradient by the mean gradient J . The space averaged velocity fieldV ¼Ṽ (6) depends on the additional parameter L∕ I Y .
Then, the aim of upscaling is to determine a logconductivity fieldỸ ðxÞ such as to satisfy (10) for flow in the same domain W and for the same boundary condition of applied constant head gradient J, as the ones pertaining to the fine-scale domain, for any value of L∕ I Y . We modelỸ by an ensemble of spherical inclusions of lognormal conductivity distribution and uniform radiiR, which is completely defined by three parameters:K G , σ 2Ỹ , andR. This choice has the advantage that at the limit L∕ I Y → 0,Ỹ tends identically to the fine-scale Y so that an identity similar to (10) is satisfied at any order and not just the second, on one hand, and a solution of the flow problem is available-namely the fine-scale one but with different parameters-on the other hand.
Since theỸ field is completely characterized by three parameters, we can use only three equations stemming from (10) to determine them in terms of the given K G , σ 2 Y , I Y , and L∕ I Y . The first and fundamental condition hṼðxÞi ¼ U requires that for the given uniform head gradient J applied on the boundarỹ
Since the next set of equations in (10) cannot be satisfied for all indices i, j values, we limit first the requirement to the longitudinal velocity component, in the direction of mean flow i ¼ j ¼ 1; i.e., Cũðr x ; 0; 0Þ ¼ Cūðr x ; 0; 0Þ. This choice is motivated by the interest in transport and the fact that longitudinal spreading is the governing mechanism in heterogeneous media. Since it cannot be satisfied pointwise, we reduce it to two equations-namely the equality at r x ¼ 0 and of the integral scales-to ensure that ∫ ∞ 0 Cũðr x ; 0; 0Þdr x ¼ ∫ ∞ 0 Cūðr x ; 0; 0Þdr x . This leads to the additional two upscaling equations
The set of three equations (11), (12) is employed next in order to effectively derive the upscaled logconductivity field.
3.3. Results for upscaled media of lognormal conductivity. We proceed now with the effective derivation of the upscaled medium parameters in terms of those of the fine-scale one for the adopted multi-indicator structure model and f ðY Þ by using the basic relationships (11), (12).
3.3.1. The upscaled logconductivity variance σ 2Ỹ . We start with the relationship σ 2 u ¼ σ 2 u of (12). In Appendix 2 we demonstrate that the ratio σ 2 u ∕ σ 2 u ¼ F is a function of L∕ I Y solely; i.e., it is independent of σ 2 Y . The variance reduction function FðL∕ I Y Þ (25) was determined analytically for spheres and by quadratures for cubes and is represented in Figure 2 . Hence, (12) and (25) lead to the first upscaling rule
Since F ≤ 1 (Figure 2 ) is a monotonously decreasing function, upscaling results in a smoothing of the velocity, as one would expect. Of particular interest are the large and small L∕ I Y limits (28). Thus, σ 2 u ∕ σ 2 u → 1 − 0.36ðL∕ I Y Þ for L∕ I Y ≪ 1, which can be employed in order to determine upscaling that maintains the velocity structure close to the fine-scale one, within prescribed limits, e.g., selecting L∕ I Y ¼ 0.2 results in a reduction of 7%. At the other extreme, σ 2 u ∕ σ 2 u → 9.93ðI Y ∕ LÞ 3 for L∕ I Y ≫ 1 and the variance is reduced to around 1% for an averaging volume of L∕ I Y ¼ 10. At this limit the upscaled medium can be regarded as homogeneous and of effective properties. Hence, the upscaling procedure is of interest for the interval of, say, 0.1 < L∕ I Y < 10.
The analytically derived reduction of variance function FðL∕ I Y Þ (25) is compared to a numerically computed variance reduction in a highly heterogeneous medium of σ 2 Y ¼ 4, created using 100,000 densely packed spherical inclusions. The numerical solution is obtained by the analytic element method (see ). Thus, disturbance potential due to each inclusion is expanded in two high-order series of spherical harmonics (one for inside, one for outside the inclusion) which are truncated at approximately 300 terms. Total potential at any point is obtained by superposition of disturbance potentials and potential due to uniform flow. Governing equation and continuity of flow are satisfied exactly regardless of truncation, while continuity of head is approximate, but highly precise. Velocity components are computed analytically by differentiating disturbance potentials. High packing density of 0.7 is achieved by placing inclusion on a periodic lattice (face centered lattice was used). Inclusions are placed in a flow domain shaped as a large prolate inclusion 220I Y long. Present analysis is conducted in a smaller domain that was placed inside the flow domain. A large cube of length 72I Y is first divided into blocks of varying L, and variance of block-averaged velocities is computed next. The details of numerical setup are presented in . The approximate fine-scale solution used here differs from that of numerical simulations where the neglected interactions between inclusions are represented with high accuracy using high-order series expansions. Excellent agreement between numerical simulations and analytic results displayed in Figure 2 serves as an independent check of the accuracy of the simplified solutions used here and the validity of the self-consistent argument, which approximately models the interactions between the inclusions.
The logconductivity variance σ 2Ỹ of the upscaled medium is determined according to our assumption on its structure: σ 2 u is related to σ 2Ỹ by the same function as the one pertaining to the fine-scale, given by (3). At first-order, for σ 2 Y ≪ 1, σ 2 u is linear in σ 2 Y , and therefore by (13), σ 2Ỹ ∕ σ 2 Y ¼ FðL∕ I Y Þ and the rate of reduction of the logconductivity variance depends only on the ratio L∕ I Y (Figure 2 ) and is identical with that of the velocity variance. is larger for increasing σ 2 Y due to nonlinear behavior of (3). At the other limit it is seen that for, say, L∕ I Y > 10, the upscaled medium can be regarded as homogeneous. At intermediate scales, of interest here, upscaling has a strong effect upon variance reduction for highly heterogeneous formations, e.g., for L∕ I Y ≃ 2 and σ
Thus, applying first-order approximations result in an overestimation of the upscaled logconductivity variance, even for σ 2 Y ¼ 1.
3.3.2. The upscaled conductivity geometric meanK G . Next, implementation of (11)-i.e.,K ef ¼ K ef -is carried out by observing that the expression for the effective K of the fine-scale medium (2) also applies to the upscaled one, since both have same structure. We therefore can write forK ef ¼ K ef Y and L∕ I Y via σ 2Ỹ , which was determined in the previous step. Along these lines, the ratioK G ∕ K G was determined by a numerical quadrature from (14) and the results are depicted in Figure 4 . It is seen thatK G ∕ K G grows from unity for L∕ I Y ¼ 0 (no upscaling) to the asymptotic value K ef ∕ K G , pertaining to a homogeneous medium of vanishing σ 2Ỹ due to the smoothing effect of upscaling. Inspection of Figure 4 confirms again that for, say, L∕ I Y > 10, the heterogeneous medium may be replaced by a homogeneous upscaled one of effective conductivity equal to K ef . A first-order approximation (see Indelman and Dagan (1993) ) yields the simple resultK
3.3.3. The upscaled logconductivity integral scale IỸ. Finally, the second relationship in (12)-i.e., Iũ ¼ Iū-is employed in order to determine IỸ , the remaining unknown parameter which determines the radiiR ¼ ð4∕ 3ÞIỸ of the inclusions that make up the upscaled medium. As shown in Appendix 2, Iū (32) does not depend on σ 2 Y , but only on I Y and L∕ I Y . Since the relationship Iũ ¼ ð15∕ 8ÞIỸ is obeyed for the upscaled medium, it turns out that (12) Figure 5 is indicative of the degree of correlation between logconductivities of neighboring blocks, which can be assessed from the value of the upscaled ρỸ ¼ χðr∕RÞ (1) at the interval r equal to the distance between centroids of blocks.
3.3.4.
Comparison of upscaled and space averaged longitudinal velocity covariances. In the preceding sections, we have derived the parametersK G , σ 2Ỹ , and IỸ , which define the upscaled logconductivity field as functions of those of the fine-scale field and L∕ I Y by equating the mean, variance, and integral scale of the upscaled and space averaged longitudinal velocities. It is of interest to compare the auto-correlations ρũðrÞ and ρūðrÞ. The comparison is illustrated in Figure 6 for L∕ I Y ¼ 2 by observing that for the upscaled medium we can use the fine-scale velocity auto-correlations (4), (5) with r 0 x;y replaced by r 0 x;y ¼ 3r x;y ∕ ð4IỸ Þ while the space averaged velocity is given by (30) and a quadrature. The results are displayed in Figure 6 for rðr x ; 0; 0Þ and rð0; r y ; 0Þ, and it is seen that the profiles are quite close, strengthening confidence in the adopted model. Numerically computed velocity auto-correlation of block-averaged velocities for σ 2 Y ¼ 4 simulation is presented as well; the good agreement provides further confidence in the self-consistent method, which stands at the basis of the proposed upscaling method. At any rate, we remind again that the shape of the autocorrelation functions has a limited impact on flow-and transport-related statistical properties, for a given integral scale. Table 1 shows that the ratio varies widely, depending on the particular code, the value of σ 2 Y , the accuracy criterion, and the preference of the author. The values adopted vary between l m ∕ I Y ¼ 1∕ 2 for weakly heterogeneous formations to l m ∕ I Y ¼ 1∕ 82 for highly heterogeneous ones, with typical values around l m ∕ I Y ¼ 1∕ 8 − 1∕ 4. In principle, no matter what the numerical procedure is, the selection of l m ∕ I Y is dictated by the need to assure that in neighboring numeric cells, the difference between the conductivities K, or the related Y , remains beneath a certain threshold. Although different formulations are possible, depending on the particular method and procedure of determining the interblock conductivity, we shall illustrate application of upscaling by assuming that for a random medium the general requirement is h½Y ðx i þ l m ; y j ; z k Þ − Y ðx i ; y j ; z k Þ 2 i ≤ a. Here x i , y j , and z k stand for the coordinates of the centroid of an arbitrary cell, and a similar criterion applies in the y, z directions for a statistically isotropic medium. Expanding this relationship for a stationary Y leads for the admissible l m to
Since for highly heterogeneous formations l m ∕ I Y < 1, we can approximate
For example, if for σ The use of upscaling, particularly for highly heterogeneous formations, stems from the need to solve with l > l m , as discussed in the introduction. In other words, since upscaling results in a reduction of the variance and an increase of the integral scale depending on the size of the averaging volume L∕ I Y , we wish to select the latter so that the numerical solution for the given l∕ I Y > l m ∕ I Y is an accurate one for the upscaled medium. Hence, in order to obey the criterion (15) or its simplified form (16) for the upscaled medium, we need to satisfy
From (15), (16) we arrive at the basic condition
Since the left-hand side of (18) FLOW UPSCALING medium can be solved numerically in an accurate manner for a lognormalỸ characterized by
5. Summary and Discussion. Problems of flow in heterogeneous formations are generally solved numerically. A fine-scale discretization, which preserves the detailed structure of the medium, with numerical blocks of size l m , is computationally demanding especially in the case of 3D highly heterogeneous formations. Hence, it is customary to adopt numerical elements of length scale l > l m , which results in loss of resolution. A central issue in the study of heterogeneous media is to determine the properties of an upscaled medium such as to obtain a good approximation of the variables of interest.
We investigate here flow in a porous formation of a 3D random, stationary, and isotropic logconductivity Y ðxÞ. In the past, solutions were obtained at first-order in σ 2 Y , whereas the interest here is in σ 2 Y > 1. The approach is a global one; the problem is solved first at fine-scale for a large (unbounded) domain for boundary conditions leading to a mean uniform velocity field U . Application of the results to slowly varying nonuniform flows is underlain by the inequality I Y , L ≪ I UN with I UN ¼ ½j∇U j∕ U −1 . The upscaled solution is defined as the one obtained for the same domain and boundary conditions, with Y replaced by the unknown upscaledỸ ðxÞ. The first and most important step toward relatingỸ to Y is the selection of an appropriate upscaling criterion. The requirement is that the upscaled velocity fieldṼðxÞ is equal toVðxÞ, the space average of the fine-scale solution over blocks of size L, which is satisfied in a statistical sense. It is emphasized that L∕ I Y is unknown at this stage and that it has to be determined subsequently in terms of the selected l∕ l m upscaling ratio. It is seen that the following hierarchy has to be obeyed by the given various length scales of the problem:
The derivation ofỸ was carried out in an approximate manner by the following steps: (i) the fine-scale solution is the semianalytical one based on the self-consistent solution; (ii) the upscaled medium is characterized by the unknowns IỸ ¼ ð3∕ 4ÞR, K G , and σ 2Ỹ ; (iii) these three parameters are determined from the equality of the mean, variance, and integral scale of the longitudinal velocity in the upscaled medium to those of the fine-scale medium, space averaged over a cube of side L or a sphere of the same volume. The ratio σ 2Ỹ ∕ σ In order to apply these results to numerical solutions, one must first adopt a criterion for the admissible cell size l m ∕ I Y , as a function of σ solution to the flow problem in the fine-scale medium. Such a criterion has to be selected by numerical analysts, depending on the particular numerical method and the degree of heterogeneity of the medium. Then, for a selected ratio l∕ l m > 1, which depends on the available computational resources, we illustrate a procedure to determine the values of statistical parameters of the upscaled medium for which numerical solution of the flow problem yields the upscaled velocity field.
It is emphasized that the procedure is an approximate one as it relies on the selected stationary medium structure (multi-indicator) on flow conditions (mean uniform velocity), and on upscaling requirements (equality of the first two moments of the upscaled and block-averaged velocity). While different models or criteria may lead to somewhat different values, we believe that at present our procedure permits numerical modelers to select in a simple manner upscaling parameters for highly heterogeneous media. Nevertheless, the present procedure can be generalized by relaxing some of these assumptions. Thus, for the common configurations of axisymmetric anisotropic aquifers (investigated at first-order by Indelman and Dagan (1993b) ), the extension requires solving the flow problem for parallelipipedic numerical elements which are approximated by spheroidal inclusions rather than spherical ones. We plan to extend our self-consistent model to anisotropic formations in the future.
Appendix 1. The fine-scale solution. The velocity fluctuations do not depend on the degree of heterogeneity for the self-consistent model (see ). Thus, the velocity components auto-correlation is conveniently derived by using the first-order approximation in σ 2 Y and Fourier transforms (FT)f ðkÞ ¼ ð2πÞ −3∕ 2 ∫ f ðrÞ expðik.rÞdr. The well-known expressions of the FT of the longitudinal and transverse velocity two-point covariance are given bŷ
where kðk x ; k y ; k z Þ andĈ Y ðkÞ ¼ σ 2
YρY ðkÞ is the FT of the logconductivity isotropic covariance. The latter is given for the model (1) 
It is convenient to carry out computations by using spherical coordinates k x ¼ k cos θ, k y ¼ k sin θ cos ϕ, k z ¼ k sin θ sin ϕ, dk ¼ k 2 sin θdϕdθdk. It leads to variances in (19) by inversion and to isotropic ρ Y ðrÞ to the well-known general result (e.g., Dagan (1989) ) Figure 6 .
The important result for the adopted structure model is that C u ¼ σ 2 u ρ u with σ 2 u (3) and ρ u (22) applies to highly heterogeneous media and the same is true for I u .
Appendix 2. The covariances of the space averaged longitudinal velocity. With CūðrÞ given by (7), the Faltung theorem yieldŝ where ω ¼ L 3 is the volume of the averaging element and the overlap functions HðrÞ for cubes and spheres are given by (8) and (9), respectively. By using (22) By inverting (24) and for r ¼ 0, we arrive at the following expression of the variance of the space averaged velocity: 
The FTĤðkÞ of (8), (9) for cubes and spheres is given bŷ 
The variance reduction function FðL∕ I Y Þ, which is independent of σ 2 Y , has been computed by substituting in (25),ρ Y ðkÞ, (20), andĤ c (26), (27) . The integration could be done analytically for sphere, and F is represented in Figure 2 . In particular it has the asymptotic expressions
The auto-correlation ρūðrÞ is obtained by inverting (24) The integral scale Iū is subsequently determined by invertingĈūðkÞ (23) for rðr x ; 0; 0Þ and integration from zero to infinity. Observing that ∫ ∞ 0 expð−k x r x Þdr x ¼ πδðk x Þ, we arrive at 
It is seen that Iū (31) is independent of σ 2 Y , and it has a simple expression for H s ðkÞ (27):
